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Symmetric Group� Unitary Group and

Zeta Function

The determination of the distribution of lengths of

longest increasing subsequences of permutations is a

classical problem in the combinatorics of the symmetric

group� Let �N ��� denote the length of the longest in�

creasing subsequence of the permutation � � SN � and
fnN the number of permutations � in SN for which

�N ��� � n� Then the generating function

Dn�t� 	
�X

N��

fnN

�N 
��
t�N

can be explicitly evaluated� In fact� let f��� 	 e�t cos �

and fj be its j
th Fourier coe�cient� The n� n Toeplitz

matrix Tn�f� 	 �fj�k�� j� k 	 �� 
� � � � � n� 
 has deter�

minant

detTn�f� 	 Dn�t��

The quantities fnN are related to the traces of uni�

tary matrices by the formula

fnN 	 En�jTr�U �jN ��

where the expectation En is computed relative to the

normalized Haar measure on U �n��Asymptotic behavior

of determinants detTn�f� have been studied extensively�

and one obtains the formula

lim
N��
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�
�N ��� �

p
N

N
�

�

� s

�
	 e

�

R
�

s

�x�s�q�x��dx
�

where q�x� is the solution of the di�erential equation

q
��

� xq � �q� 	 � satisfying the asymptotic condition

q�x� � Ai�x� �Airy function�as x��� The distribution

of eigenvalues of random matrices from the Gaussian

Unitary Ensemble of Hermitian matrices is of interest

in nuclear physics� The largest eigenvalue�max of such

N �N matrices has asymptotic distribution

lim
N��

Prob�
p
���max �

p
�N �N

�

� � s� 	 F �s��

which has remarkable similarity to that of the longest

increasing subsequence� To understand more clearly the

relationship between the eigenvalues of randommatrices

from the Gaussian Unitary Ensemble of Hermitian ma�

trices and statistics of permutations� let �� 	 �� 	 
 
 

be the eigenvalues of an N � N Hermitian matrix and
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Partitions of N are in one to one correspondence

with irreducible representations of the symmetric group

SN and the space of representations of SN is endowed

with the Plancherel measure whereby the mass attached

to an irreducible representation � is �dim ���

N � � Then the

distributions of the quantities 
i and �i tend to the

same limiting measure as N � �� The partition of

N 	 	��	�� 
 
 
 relates to the length of the longest in�

creasing subsequence of a permutation by the Robinson�

Schensted�Knuth correspondence�

The relationship between the asymptotics of random

matrices from Gaussian Unitary Ensemble of Hermi�

tian matrices and permutations can be viewed from the

point of view ofWick Calculus and geometry of surfaces�

Wick�s calculus reduces the problem of evaluation of ex�

pectations of traces of powers of Hermitian matrices to

certain combinatorial formulae involving permutations�

These formulae have natural interpretation in terms of

graphs � on compact oriented surfaces such that the

complement of � is a union of discs� The geometry of

asurface can be described in terms of polygons or discs

attached along their boundaries� On the other hand� the

classical approach to the geometry of surfaces was via

s
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studying rami�ed coverings of surfaces� The mon�

odromies at the rami�cation points translate the prob�

lem into combinatorial questions about the symmetric

group� These ideas play an important role in establish�

ing some of the asymptotic results stated above�

Besides the Gaussian Unitary Ensemble of Hermitian

matrices� it is of interest to understand the distribution

of traces of powers of random matrices from the uni�

tary� orthogonal� or symplectic groups� Using basic tools

from group representations one computes the moments

of traces of powers or such matrices� This calculation im�

plies� for example in the case of the unitary group� that

lim
N��

Prob
�
Tr�U� � B�� � � � �Tr�U

k
� � Bk

�
�

kY
j��

Prob	
p

jZ � Bj 
�

where Bj �s are open sets in C and Z is the standard

complex normal� Similar formulae are valid for other

compact classical groups�

The distribution of the eigenvalues of random uni�

tary matrices appears to be related to distribution of

zeros of the Riemann zeta function� In fact extensive

numerical calculations show that the histograms of the

di�erences of consecutive zeros of the zeta function and

the di�erences of consecutive eigenvalues of random uni�

tary matrices �properly normalized� are almost identi�

cal� Assuming the validity of the Riemann hypothesis�

the pair correlation function of the zeros of the zeta

function and that of the eigenvalues of random unitary

matrices �after proper normalizations� have the same

distribution� The correlation function for the distribu�

tion of eigenvalues of random unitary matrices in vari�

ous interval have special statistical features� Numerical

results show that the zeros of the zeta function have

similar statistical properties�

Many mathematicians including �but not limited to�

Aldous� Baik� Berry� Coram� Deift� Diaconis� Dyson�

Gaudin� Gessel� Goulden� Hammersley� Harer� Jackson�

Johansson� Kerov� Katz� Logan� Mehta� Montgomery�

Odlyzko� Okounkov� Penner� Rains� Rudnick� Sarnak�

Shepp� Tracy� Vershik� Widom� Wieand� Zagier and the

writer have contributed to the material presented in this
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sratC�� QD x�oWv�O ��Dt�Qm����Q �Oyt
�Bi algebras �R� Q�D

�R� Q�D x�oWv�O ����RQ�t �Oyt
Randon resistor�

�R� Q�D x�oWv�O ��Q�Vkv O�tL
Eleptic chaotic maps�
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��ysDU�U �x�twQ� x�oW v�O �� �vy � ��QyU
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�
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�TQO t C� � Q D x� o W v�O �Vvt v�Q �� � r a
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�xwQo ��Q�PBX�NWD
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�R�wy� u�QtJ O�yW x�oWv�O �xO�RQ�Ni ��Q�ra
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�xR�Ov� �x� Q�v R� xO�iDU� �� Gwt

C����� Q �xOmWywSB �s�kt �u�kkLt

��yVwQ �u�Q y D x� oW v�O ��tU� � lt� �U
����Hx��H �Q�H QO �m� Swrwty

u�� wHWv�O R� wO Qy h� QW O�OQ�D w �tD�N q�r
KQ� u�� QO �tU�� QDmO �� u�QyD x�oWv�O 
QDmO

�Ovvm�t 
Q�mty

�Q�H �h � QW �DavY x�oW v�O ��Q�m � O�aU
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� 
Q � r a �� v� tQ m� �� v t�w t u � U L
�u� � t � y�Q �� x r�KwQ w 
O � i Up o� L r�Y
�� �h� QW �DavY x�oWv�O u�� wHWv�O R� xU Qy

�Ovvm�t 
Q�mty KQ� u�� QO 
Q�m � QDmO

C����� Q �xOmWywSB ���yl �OCU�B

�C����mQD ����QD x� RwQ

�h�Qo �x� Q�v ��v�mQUwD x� RwQ

�h�Qo �x� Q�v �uULr�w�� �H�L u�UL

�C����mQD �����Qxi��� RwQy�
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wm� QwDQwB

��Oa�n ��amt �� x���Q
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x�oWv�O w x�oWywSB �uULr�w���H�L u�UL
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nvQ
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�DavY x�oW v�O w x�oWywS B �Qm �P QyJwvt
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x�oW v�O w x�oWywS B �� ���Qxi ��� RwQy �
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�h�Qo ��yx� RHD �u�QyD

�DavY x�oWv�O w x�oWywSB ��v�mQUwD x� RwQ
��yh�Qo �V��tv �x� Q�v �h� QW
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